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Abstract
Scalar-tensor theory has arbitrary functions of the scalar field in
front of the geometric and scalar terms in the Lagrangain. The ex-
tent to which these arbitrary functions appear in the Wheeler-deWitt
wavefunction of mini-super Robertson-Walker spacetimes is discussed.
The function of the scalar field in front of the Einstein-Hilbert action
allows a current to be constructed which suggests transfer from matter
to geometry of aspects of the wavefunction.
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1 Introduction
Scalar-tensor theory is a common variant of general relativity with ar-
bitrary functions of the scalar field present, here the extent to which
this arbitrariness follows through to quantum theory is investigated.
Scalar-tensor quantum cosmology has been previously studied by Pi-
mentel and Mora [3], by Fabris, Pinto-Neto and Velasco [1] by Xu,
Harko, and Liang [6]. The line element is taken to be of general
Robertson-Walker form
ds2 = −N(t)2dt2 + a(t)2
{
dr2
1− kr2 + r
2(dθ2 + sin(θ)2dφ2)
}
, (1)
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and the Hamiltonians considered here are taken to be of the form
H =
N
2
GABΠAΠb +NU(q), (2)
where A,B . . . range over the scale factor and the scalar field. Quan-
tization is achieved via
ΠA → −i~∇A, (3)
applying (3) to (2) gived the Wheeler-deWitt equation
Hψ = −~2ψ +NUψ. (4)
Conventions used include signature − + ++, potential V (φ) for the
scalar field and potential U(q) for the Wheeler-deWitt potential.
2 Cosmological constant
The treatment of the next two sections is closest to that in Keifer [2].
The field equations equations are taken to be
GCab = Gab + Λgab, (5)
subect to the geometry the Friedman equation is
f = −GCt.t =
1
N2a2
(
3kN2 + 3a˙2 − Λa2N2) , (6)
and the spatial equation is
S = +GCr.r =
1
a2N3
(
−kN3 + a˙2N − 2aa˙N˙ − 2aa¨N + Λa2N3
)
. (7)
The velocity Hamiltonian equation is
q˙A =
δH
δΠA
= NGABΠB , (8)
from which G has one component q = a and
GAB = −1
a
, Π= − aa˙
N
, (9)
substituting into (2) gives
H = −Na
3F
6
, (10)
provided
U =
1
2
(
−ka+ Λ
3
a3
)
. (11)
2
For the momentum Hamiltonian equation
1
2
a2NS =
δH
δq
+ Π˙. (12)
Thus the Hamiltonian constraint is related to the Friedman equa-
tion (10), the q˙ Hamiltonian equation is the relationship between q and
Π (8), the Π˙ Hamiltonian equation is the spatial equation (12).
Quantization of the Hamiltonian constraint gives the Wheeler-deWitt
equation (4)
~2ψaa + a2
(
−k + Λ
3
a2
)
= 0, (13)
for Λ = 0 (13) has solution
ψ = C1
√
aBessJ
(
1
4
,
√−ka2
2~
)
+ C2
√
aBessY
(
1
4
,
√−ka2
2~
)
, (14)
for k − 0 (13) has solution
ψ = C1
√
aBessJ
(
1
6
,
√
Λa2
3~
)
+ C2
√
aBessY
(
1
6
,
√
Λa2
3~
)
, (15)
where BessJ, BessY are Bessel functions. No more solutions have
been found for ψ. If one defines a principle function
ψ = C exp
(
iS
~
)
, (16)
then there seem to be no relationship between Sa and the momentum
in particular because there is no velocity a˙ in the resulting equations.
3 Massive scalar field
To extend the treatment of the previous section §2 to include a massive
scalar field with stress
Tab = 6φaφb − 3gab
(
φcφdg
cd +m2φ2
)
, (17)
first
GCab = GCold ab − Tab, (18)
with an additional momenta
Πφ =
a3φ˙
N
, (19)
the mini-metric is
GAB =
( −a 0
0 a3
)
, (20)
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and the potential is
U = Uold +
1
2
m2a3φ3, (21)
now the field equations and Euler equation are
F = Fold−3φ˙
n2
−3m2φ2, S = Sold+3φ˙
n2
−3m2φ2, E = − 1
N2
(
φ¨+
3φ˙a˙
a
− φ˙N˙
)
−mφ.
(22)
The Hamiltonian equations are as before with the addition
− a3NE = δH
δφ
+ Π˙φ. (23)
Quantization gives the Wheeler-deWitt equation (4)
Hψ =
N~2
2a3
(
a2ψaa + aψa − ψφφ
)
+NUψ, (24)
transforming to linear null fields
2u ≡ ln(a) + φ, 2v ≡ ln(a)− φ, (25)
the Wheeler-deWitt equation (24) becomes
~2
φ
φuv−k exp(4(u+v))+Λ
3
exp(6(u+v))+m2(u−v) exp(6(u+v)). (26)
A solution for λ = 0 is linear combinations of C+ and C− parts is
ψ = C± exp
(
±
√
k
4~
(e4u + e4v)
)
. (27)
A solution for m = 0 is linear combinations os C+ and C− parts is
ψ = C± exp
(
±
√−Λ/3
6~
(e6u + e6v)
)
. (28)
.
4 Scalar-tensor theory
The scalar-tensor action is taken to be
S =
∫
dx4
√−g {A(φ)R−B(φ)φ2c − V (φ)} , (29)
4
Palatini varying the action and then replacing the non-metric connec-
tion with a Christoffel connection gives [5]
8piκ2Tab = AGab−A′φab−
(
B +A”− 3A
′2
2A
)
φaφb+
1
2
[
2A′φ+
(
B + 2A”− 3A
′2
2A
)
φ2c + V
]
,
(30)
subject to N = 1 Robertson-Walker geometry (1)
2H = −a
3F
3
=
8piκ2
3
a3T t.t =
a
12A
[
−12A2a˙2 − 12A′aAφ˙a˙+ a2(2AB − 3a′2)φ˙2
]
+U(q)
(31)
making the cosmological constant explicit the potential is
U(q) = −kAa+ Λ
3
a3 +
a3
6
V (φ), (32)
(31) can be diagonalized by defining
α ≡
√
Aa, (33)
then
2H = −αα˙
2
√
A
+
Bα3φ˙2
6A
3
2
+ U(q), (34)
the momenta are
Πα = − αα˙√
A
, Πφ =
Bα3φ˙
6A
3
2
, (35)
using (35) the Hamiltonian (34) can be written as
2H = −
√
A
α
Π2α +
6A
3
2
Bα3
Π2φ + U(q), (36)
from which can be read off the mini-metric
GAB = −
√
A
α
( −1 0
0 6ABα2
)
, GAB = − α√
A
( −1 0
0 Bα
2
6A
)
, (37)
and mini-determinant and mini-curvature
√−G = α
2
A
√
B
6
, RG =
3
α3A2B
5
2
(
Aφ√
AB
)
φ
. (38)
Quantization is implemented as before, assuming no ψRG term and
using the variable β = ln(α) gives Wheeler-deWitt equation
2e3βHψ
~2
√
A
= ψββ − 6
√
A
B
(√
A
B
ψφ
)
φ
+
Ue3βψ
~2
√
A
= 0. (39)
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First consider the U = 0 separation of variables case, then using
C(φ) =
√
A(φ)/B(φ) one ends up with the ordinary differential equa-
tion 6C(φ)[C(φ)Φφ]φ − Φ = 0, so one can choose a suitably differen-
tiable Φ then there is a C(φ) to satisfy it and in this sense the ar-
bitrariness of scalar-tensor theory follows through. Now consider the
case where the potential is just the cosmological constant then
ψββ − 6
√
A
B
(√
A
B
ψφ
)
φ
+
Λe6βψ
3~2A2
= 0, (40)
now fix the arbitrary functions with
A = CAe
kφ, B = CBe
kφ,
A
B
=
CA
CB
=
1
6
, k 6= ±3, (41)
this choice has vanishing mini-curvature RG = 0, k would normally be
close to 1 so as to be close to existing theory so the condition k 6= 3 is
not physically restrictive, now (40) becomes
ψββ − ψφφ + 4` exp(2(3β − kψ))ψ = 0, ` ≡ Λ
12~2C2A
, (42)
defining null coordinates 2u = β − φ, 2v = β + φ (42) becomes
ψuv + ` exp (2(3 + k)u+ 2(3− k)v)ψ = 0, (43)
which has solution
ψ = C exp
i
4~CA
√
Λ
3(3− k)(3 + k)
[
e2(3+k)u + e2(3−k)v
]
. (44)
The current is defined as
ja = i(ψψ
∗
a − ψ∗ψa) (45)
for (44) this is
ja = 2C
2
[√
(3 + k)`
3− k ,
√
(3− k)`
3 + k
]
, (46)
which has size
jaj
a = −ΛC
2A−
3
2α3
3~2
, (47)
as (47) is negative the current is timelike perhaps indicating transfer
of aspects of the wavefunction from matter to geometry.
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5 Conclusion
Given the complexity of the stress (30), the corresponding Hamilto-
nian (36) turns out to be surprisingly simple and in general has non-
vanishing mini-Ricci scalar (38). For vanishing Wheeler-deWitt poten-
tial U = 0 and assuming separation of variables, to a certain extent
the arbitrariness of scalar-tensor theory follows through to quantum
cosmology. That the wavefunction current (46) is timelike could be
considered an indication that an aspect of the wavefunction is moving
from matter to geometry however there are at least three problems
with this. Firstly there seems to be no indication of transfer in the
Born density ρ = ψψ∗ which is just a constant. Secondly there could
be other solutions to (39) with different properties. Thirdly there is no
indication so far as to what happens in the corresponding classical pic-
ture in particular whether energy is transferred. This mechanism can
be thought of as a possible origin of spacetime: for others see [4]
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